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Abstract
We prove the nonexistence of multi-bubble solutions for several types of problems on smooth bounded
convex domains. Problems we study include the Liouville equation
−u = λeu in Ω, u = 0 on ∂Ω
in R2, where λ > 0 is a parameter, and the almost critical problem
−u = uN+2N−2 −ε, u > 0 in Ω, u = 0 on ∂Ω
in higher dimensions, where ε > 0.
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In this paper we consider the problem
⎧⎨
⎩
−u = f (u) in Ω,
u > 0 in Ω,
u = 0 on ∂Ω,
(1.1)
where Ω is a smooth bounded domain in RN , N  2.
We are interested in studying qualitative properties of solutions to (1.1), like the shape of the
level sets or the number of the maximum points.
The starting point of this subject is the celebrated paper by Gidas, Ni and Nirenberg, where it
was proved the following beautiful theorem,
Theorem 1.1. (See Gidas, Ni and Nirenberg [12].) Let f be a locally Lipschitz continuous func-
tion and let Ω ⊂ RN be a smooth bounded domain which is symmetric with respect to the planes
xi = 0 for i = 1, . . . ,N and convex in the directions x1, . . . , xN . Then any classical solution
u to (1.1) is symmetric with respect to x1, . . . , xN and it satisfies xi ∂u∂xi < 0 for xi = 0. As a
consequence, the origin is the only point where the maximum is achieved.
In this paper we focus our attention on the last statement of the Gidas, Ni and Nirenberg the-
orem, i.e. the uniqueness of the point where u achieves its maximum. If we drop the assumption
on the symmetry of the domain it is not clear if we have the same result. So we have the following
open problem,
Open problem. Let us assume that Ω is a convex domain. Under what assumptions on f and u,
is the maximum of u achieved at only one point?
There are only few results in the literature on this question. Let us start with the following,
Theorem 1.2. (See Cabré and Chanillo [5].) Let Ω be a smooth, bounded and convex domain
of R2 whose boundary has positive curvature. Suppose that f ∈ C∞(R), f  0, and that u is a
semi-stable solution of (1.1) (i.e. the first eigenvalue of the linearized operator is nonnegative).
Then u has a unique critical point x0 in Ω .
The previous result applies to the minimal solution to (1.1) when f (s) = λes or f (s) = λ(1 +
s)p where λ ∈ (0, λ∗) for some λ∗ and p > 1.
A positive (partial) answer in higher dimension was given in the following result,
Theorem 1.3. (See Grossi and Molle [15].) Let Ω be a smooth, bounded and convex domain of
R
N
, N  3. Suppose that f (s) = s N+2N−2 −ε and that uε satisfies
∫
Ω
|∇uε|2
(
∫ |u |pε+1) 2pε+1 → S (1.2)
Ω ε
906 M. Grossi, F. Takahashi / Journal of Functional Analysis 259 (2010) 904–917where pε = N+2N−2 − ε and S is the best constant in Sobolev inequalities. Then, denoting by xε the
point where the maximum of uε is achieved, we have that
(x − xε) · ∇uε(x) < 0 for any x ∈ Ω \ {xε} (1.3)
for ε small enough.
Note that (1.3) implies that the superlevels of uε are strictly star-shaped and xε is unique.
We point out that in Theorems 1.2 and 1.3 there are some assumptions on the solution u
(semi-stability in the first case and a hypothesis on the “energy” of the solution in the second
one). One of the aims of this paper is to prove analogous statements with no a-priori assumption
on the solution.
The problems which we consider involve some nonlinearities f depending on a parameter.
Suitable values of this parameter generate the so-called multi-bumps solutions, i.e. solutions
which go to zero everywhere in Ω \ {a1, a2, . . . , al} and such that u(ai) C > 0 for i = 1, . . . , l.
These problems were widely studied in the last years and there is a huge literature on them.
In this setting, an interesting result is due to Dancer and Yan [8], where it was proved the
nonexistence of multi-bumps solutions in convex domain for the problem
⎧⎨
⎩
−ε2u+ u = up in Ω,
u > 0 in Ω,
u = 0 on ∂Ω,
(1.4)
with 1 <p < N+2
N−2 if N  3, p > 1 for N = 2 and ε small enough.
Another nonexistence result of multi-bump solutions is due to Pistoia, [21], when f (s) =
s
N+2
N−2 −ε and Ω is a perturbation of a symmetric domain.
In this paper we focus our interest on some suitable nonlinearities including f (s) = s N+2N−2 −ε
for N  3 and f (s) = λes for N = 2, and we prove that if Ω is convex then the set {a1, a2, . . . , al}
reduces to a singleton; using this fact and some previous results for solution with one blow-up
point we derive the uniqueness of the points where the maximum is achieved.
Note that our results generalize some results in Theorems 1.2 and 1.3. Indeed, if in Theo-
rem 1.2 we have f (s) = λes and λ > 0 small enough, we show the uniqueness of the maximum
point also for the second solution to (1.1) which is not semi-stable (having Morse index 1).
Moreover we extend Theorem 1.3 since we remove assumption (1.2).
The crucial tool which allows to derive our result is given by an integral identity (see
Lemma 3.1) involving the Green function. This identity will allow to derive a nonexistence result
of critical points to some suitable function defined in Ω × · · · × Ω (k-times). Since, by known
results, the existence of k-bumps solutions is reduced to the existence of critical points for this
function, we have the claim.
Our results are in striking contrast with the existence of blowing-up solutions at multiple
blow-up points on domains which meet some topological or geometrical conditions, see [2,10,
9]. In particular, if Ω is a domain with two handles (see [10] with f (s) = λes and λ > 0 small
enough), then there exist solutions with two bumps. This shows that our results are almost sharp.
In order to claim our results we need to introduce several notations and different nonlineari-
ties f . For this reason we state our results in the next section.
M. Grossi, F. Takahashi / Journal of Functional Analysis 259 (2010) 904–917 907The paper is organized as follows: in Section 2 we state our main results. In Section 3 we
prove our main lemma and recall some known facts. Finally, in Section 4 we prove the results
stated in Section 2.
2. Statement of the main results
Let Ω be a smooth bounded domain in RN,N  2. Throughout this paper, G will denote the
Green function of − with the Dirichlet boundary condition
−xG(x, y) = δy(x), x ∈ Ω, G(x, y) = 0, x ∈ ∂Ω
with a pole y ∈ Ω , and
Γ (x, y) =
{ 1
2π log |x − y|−1 (N = 2),
1
(N−2)σN |x − y|2−N (N  3)
the fundamental solution, where σN is a measure of the unit sphere of RN . Let
R(x) = lim
y→x
[
Γ (x, y)−G(x,y)]
denote the (positive) Robin function. Let us consider the problem
{−u = λeu in Ω,
u = 0 on ∂Ω (2.1)
where Ω is a smooth bounded domain in R2 and λ > 0. This kind of problem with exponential
nonlinearity appears in many fields of mathematics, such as the study of prescribed Gauss curva-
ture equation, Chern–Simons gauge theories, the vortex theory for the turbulent Euler flow, and
so on, and it has attracted many authors for more than decades.
We are interested in a family of solutions {uλ} which blows up at a finite number of points:
‖uλ‖L∞(Ω) → ∞, and lim sup
λ→0+
λ
∫
Ω
euλ dx  C
for some positive constant C. In this situation, Nagasaki and Suzuki [20] showed that, along a
sequence λn → 0, λn
∫
Ω
euλn dx → 8πl for some l ∈ N, and there exists a set S = {a1, . . . , al},
with ai ∈ Ω . Moreover there exists a sequence of points {ai,λn} ⊂ Ω such that ai,λn → ai ,
uλn(ai,λn) → +∞ for each i, and
uλn → 8π
l∑
i=1
G(·, ai) in C2loc(Ω \ S) (2.2)
as λn → 0. We call S the blow-up set for the solution sequence {uλn}. Moreover, ai ∈ S must
satisfy
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2
∇R(ai)−
l∑
j=1,j =i
∇xG(ai, aj ) = 
0, i = 1,2, . . . , l. (2.3)
See also [18] for another proof of this fact.
Our first result is to prove that, if Ω is convex, the set S is a singleton. We have,
Theorem 2.1. Assume Ω is convex. Let {uλ} be a family of solution of (2.1) with ‖uλ‖L∞(Ω) →
+∞ as λ → 0. Then we have
λ
∫
Ω
euλ dx → 8π and uλ → 8πG(x, a1)
for some a1 ∈ Ω as λ → 0.
Theorem 2.1 and a direct application of some results in [13,14], yield
Corollary 2.2. Let uλ and Ω be as in Theorem 2.1. Then, for λ > 0 sufficiently small, the Morse
index of uλ is exactly 1. Furthermore, uλ has only one critical point xλ which is the global
maximum point of uλ, and it holds
(x − xλ) · ∇uλ(x) < 0, ∀x ∈ Ω \ {xλ}.
In particular, the level sets of uλ are strict star-shaped with respect to xλ. If ∂Ω has strictly
positive curvature at any point, then the level sets of uλ have strictly positive curvature at any
point different from xλ for λ > 0 sufficiently small. In particular, the level sets are strictly convex.
More generally, we consider the mean field equation:{
−u = λ V (x)eu∫
Ω V (x)e
u dx
in Ω,
u = 0 on ∂Ω
(2.4)
where λ > 0 and V is a given function in C2(Ω). In this case, Ma and Wei [18] proved that if
infΩ V > 0 and if {uλn} is a sequence of solutions to (2.4) which is not uniformly bounded from
above for λn bounded, then, up to a subsequence which we denote again by λn, uλn blows up at
l different points a1, . . . , al in Ω , that is,
λn
V (x)euλn∫
Ω
V (x)euλn dx
⇀ 8π
l∑
i=1
δai
in the sense of measures on Ω and λn → 8πl. Moreover, the blow-up points {a1, . . . , al} satisfy
1
2
∇R(ai)−
l∑
j=1,j =i
∇xG(ai, aj )− 18π ∇ logV (ai) = 
0 (2.5)
for i = 1,2, . . . , l.
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Theorem 2.3. Assume Ω is convex. Let {uλ} be a family of solutions of (2.4) with ‖uλ‖L∞(Ω)
not bounded from above while λ > 0 bounded. Assume infΩ V > 0 and R− 14π logV is a convexfunction on Ω (let us recall that R denotes the Robin function). Then λ → 8π . In particular, if
V > 0 is a concave function on Ω , we have the same conclusion.
Another problem in the plain which we consider is the following,
⎧⎨
⎩
−u = up in Ω,
u > 0 in Ω,
u = 0 on ∂Ω
(2.6)
where Ω is a smooth bounded domain in R2 and p > 1 is a large exponent.
In [22,23], the authors showed that the least energy solutions up to (2.6) is bounded from
above and below away from zero in L∞ for p large. Also, p|∇up|2 dx ⇀ 8πeδa in Radon
measures, where a ∈ Ω is a critical point of the Robin function R. In this sense, least energy
solutions to (2.6) exhibit single-point condensation phenomena on any smooth bounded domain
in R2.
When Ω satisfies some geometrical conditions, solutions concentrating on multiple points in
Ω have been constructed by Esposito, Musso and Pistoia [11]. In particular, under some topo-
logical condition on Ω (for example, the assumption that Ω is not simply connected is enough),
they proved the existence of solutions up which satisfy
p|∇up|2 dx ⇀ 8πe
l∑
j=1
δaj weakly in the sense of measures of Ω (2.7)
as p → ∞ for some different concentration points {aj }lj=1 ⊂ Ω , with {aj } satisfying the char-
acterization (2.3).
The same argument as in Theorem 2.1 yields
Theorem 2.4. Assume Ω is convex. Then for l  2, there exist no solutions {up} of (2.6) satisfy-
ing (2.3) and (2.7) for some {aj }lj=1 ⊂ Ω as p → ∞.
Thus the assumption on the domain in [11] is sharp for the construction of multiple concen-
trating solution.
We remark here that, since we do not have the complete characterization of multiple con-
centration points of any concentrating solutions to (2.6) in this case, we cannot claim that any
concentrating solutions up must exhibit the single-point concentration phenomena on convex do-
mains. To establish the characterization of the concentration points for the problem (2.6) seems
an interesting future problem.
Next we consider another problem in higher dimension.
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of the problem
⎧⎨
⎩
−u = uN+2N−2 −ε in Ω,
u > 0 in Ω,
u = 0 on ∂Ω
(2.8)
must exhibit the single point blow-up as ε → 0:
|∇uε|2dx ⇀ SN/2δa, u
2N
N−2
ε ⇀ S
N/2δa
for some a ∈ Ω , where S = infu∈H 10 (Ω),u =0 ‖u‖
2
H 10 (Ω)
‖u‖−2
L
2N
N−2 (Ω)
is the best constant of the
Sobolev inequality.
Using Theorem 1.3 we have the following
Corollary 2.6. Let uε and Ω be as in Theorem 2.5. Then uε has only one critical point xε which
is the global maximum point of uε , and it holds
(x − xε) · ∇uε(x) < 0, ∀x ∈ Ω \ {xε}.
In particular, the level sets of uε are strict star-shaped with respect to xε .
As for the existence of multi-bumps solutions in higher dimensional case, Musso and Pistoia
[19] constructed solutions to (2.8) which blow up and concentrate at l different points {a1, . . . , al}
in Ω , which satisfy,
1
2
∇R(ai)Λ2i −
l∑
j=1,j =i
∇xG(ai, aj )ΛiΛj = 
0 (i = 1,2, . . . , l), (2.9)
where Λi > 0 (i = 1, . . . , l) are some positive constants. We refer to [19] for the precise notion
of solutions which “blow up and concentrate at l different points” and the other assumption
imposed on the prescribed blow-up points {a1, . . . , al}. Their method can produce also multi-
bumps solutions to the equation⎧⎪⎨
⎪⎩
−u = uN+2N−2 + εu in Ω,
u > 0 in Ω,
u = 0 on ∂Ω,
(2.10)
which blow up and concentrate on l different points satisfying (2.9), when N  5. Also they
exhibited an example of contractible domains for which the problem (2.8), or (2.10) has a family
of solutions which blow up and concentrate at l different points. However, like Theorem 2.4, we
have the nonexistence result on convex domains.
Theorem 2.7. Assume Ω ⊂ RN,N  4, is convex. Then for l  2, there is no solution {uε} of
(2.10), which blows up and concentrate at l different points {a1, . . . , al} in Ω satisfying (2.9).
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In this section, we prove main lemma and recall some known facts about the Robin function.
Next lemma is the key to the proof of the nonexistence of multi-bubble solutions.
Lemma 3.1. Let Ω ⊂ RN,N  2, be a smooth bounded domain. For any P ∈ RN and a, b ∈ Ω ,
a = b, there holds
∫
∂Ω
(x − P) · ν(x)
(
∂G(x, a)
∂νx
)(
∂G(x, b)
∂νx
)
dsx
= (2 −N)G(a, b)+ (P − a) · ∇xG(a, b)+ (P − b) · ∇xG(b, a), (3.1)
where ν(x) is the unit outer normal at x ∈ ∂Ω .
Proof. We follow the argument used by Brezis and Peletier [4]. Define δa,ρ(x) = 1|Bρ |χBρ(a)(x)
where χBρ(a) is the characteristic function of the ball Bρ(a) with radius ρ > 0 and center a ∈ Ω .
Denote δεa,ρ(x) = jε ∗ δa,ρ(x) where j (x)  0, supp j ⊂ B1(0),
∫
RN
j (x) dx = 1 and jε(x) =
ε−Nj (x−a
ε
). For a point a ∈ Ω , if we choose ρ > 0 and ε > 0 small such that Bρ+ε(a) ⊂ Ω ,
δεa,ρ is well-defined and it is a smooth function on Ω . Let uεa,ρ denote the unique solution of the
problem
{−uεa,ρ = δεa,ρ in Ω,
uεa,ρ = 0 on ∂Ω,
and also define δεb,ρ, u
ε
b,ρ in the same way. Since δεa,ρ → δa,ρ as ε → 0 in Lp(Ω) for any 1 
p < ∞, uεa,ρ → ua,ρ in W 2,p(Ω) as ε → 0, where ua,ρ is the unique solution of
{−ua,ρ = δa,ρ in Ω,
ua,ρ = 0 on ∂Ω.
Since δa,ρ → δa as ρ → 0, where δa is the Dirac delta function supported on a, we have
lim
ρ→0 limε→0u
ε
a,ρ = G(·, a)
in Ckloc(Ω \ {a}) for any k ∈N, and the same holds for uεb,ρ .
Define w(x) = (x − P) · ∇uεa,ρ(x). Since the operator T = (x − P) · ∇ satisfies  ◦ T =
(T + 2) ◦, we have the equation for w:
−w = (x − P) · ∇xδεa,ρ + 2δεa,ρ . (3.2)
Multiply uεb,ρ to (3.2), w to the equation −uεb,ρ = δεb,ρ , subtracting, and integrating on Ω , we
have
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∫
Ω
(
uεb,ρ
)
w − (w)uεb,ρ dx
=
∫
Ω
[
2δεa,ρ(x)u
ε
b,ρ(x)+ (x − P) · ∇xδεa,ρ(x)uεb,ρ(x)− δεb,ρ(x)w(x)
]
dx. (3.3)
The LHS of (3.3) is∫
∂Ω
(x − P) · ν(x)
(
∂uεb,ρ
∂ν
)
(x)
(
∂uεa,ρ
∂ν
)
(x) dsx
→
∫
∂Ω
(x − P) · ν(x)
(
∂G(x, b)
∂ν
)(
∂G(x, a)
∂ν
)
dsx
as ε → 0 and then ρ → 0.
The RHS of (3.3) is
2
∫
Ω
δεa,ρ(x)u
ε
b,ρ(x) dx +
∫
Ω
N∑
i=1
(xi − Pi)
(
∂δεa,ρ
∂xi
(x)
)
uεb,ρ(x) dx −
∫
Ω
δεb,ρ(x)w(x)dx.
Now, integrating by parts, we have
N∑
i=1
∫
Ω
(xi − Pi)
(
∂δεa,ρ(x)
∂xi
)
uεb,ρ(x) dx
= −
N∑
i=1
∫
Ω
∂
∂xi
{
(xi − Pi)uεb,ρ(x)
}
δεa,ρ(x) dx
= −N
∫
Ω
δεa,ρ(x)u
ε
b,ρ(x) dx −
∫
Ω
(x − P) · ∇uεb,ρ(x)δεa,ρ(x) dx,
thus
RHS = (2 −N)
∫
Ω
δεa,ρ(x)u
ε
b,ρ(x) dx
−
∫
Ω
(x − P) · ∇uεb,ρ(x)δεa,ρ(x) dx −
∫
Ω
(x − P) · ∇uεa,ρ(x)δεb,ρ(x) dx
→ (2 −N)G(a, b)
−
∫
Ω
(x − P) · ∇xG(x, b)δa(x) dx −
∫
Ω
(x − P) · ∇xG(x, a)(x)δb(x) dx
= (2 −N)G(a, b)+ (P − a) · ∇xG(a, b)+ (P − b) · ∇xG(b, a)
as ε → 0 and then ρ → 0. This proves Lemma 3.1. 
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Theorem 3.2. Let Ω be a smooth bounded domain in RN , N  2, and let l  2 be an integer. Set
Ωl = Ω × · · ·×Ω (l times), and  = {(ξ1, . . . , ξl) ∈ Ωl | ξi = ξj for some i = j}. For constants
A,B > 0 and Λ = (Λ1, . . . ,Λl),Λi > 0, 1 i  l, define a function FΛ : Ωl \ →R,
FΛ(ξ1, . . . , ξl) = A
l∑
i=1
(
R(ξi)+K(ξi)
)
Λ2i −B
∑
i =j
1i,jl
G(ξi, ξj )ΛiΛj , (3.4)
where K ∈ C2(Ω) is such that R +K is a convex function on Ω .
Assume Ω is convex. Then there does not exist any critical point (a1, . . . , al) of FΛ in Ωl \.
That is, there does not exist (a1, . . . , al) ∈ Ωl \ such that
1
2
A
(∇R(ai)+ ∇K(ai))Λ2i −B
l∑
j=1,j =i
∇xG(ai, aj )ΛiΛj = 
0 (3.5)
for i = 1,2, . . . , l.
Proof. Assume the contrary that there exist l different points {a1, . . . , al} ⊂ Ω which satisfy
(3.5) for i = 1,2, . . . , l, l  2.
Fix P ∈ Ω which will be chosen later. Multiply P −ai to the both sides of (3.5) and summing
up, we have
A
l∑
i=1
(P − ai) ·
(∇R(ai)+ ∇K(ai))Λ2i
= B
l∑
i=1
l∑
j=1,j =i
(P − ai) · ∇xG(ai, aj )ΛiΛj
= B
∑
1j<kl
{
(P − aj ) · ∇xG(aj , ak)+ (P − ak) · ∇xG(ak, aj )
}
ΛjΛk.
Now, by Lemma 3.1, we get
(P − aj ) · ∇xG(aj , ak)+ (P − ak) · ∇xG(ak, aj )
=
∫
∂Ω
(x − P) · ν(x)
(
∂G(x, aj )
∂νx
)(
∂G(x, ak)
∂νx
)
dsx + (N − 2)G(aj , ak),
which is strictly positive because (x −P) · ν(x) > 0 for any x belonging to ∂Ω by the convexity
of Ω , ∂G(x,aj )
∂νx
< 0 on ∂Ω for any 1  j  l, and G(aj , ak) > 0 for j = k. Therefore, since
Λi > 0 for all i and A,B > 0, we obtain
l∑
(ai − P) ·
(∇R(ai)+ ∇K(ai))< 0 (3.6)
i=1
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sets of R +K are star-shaped with respect to some point P ∈ Ω , and
(a − P) · (∇R(a)+ ∇K(a)) 0, ∀a ∈ Ω \ {P }
holds. Indeed, such P ∈ Ω is the unique global minimum point of the convex function R + K .
This yields a contradiction to (3.6) (even in the case P = ai for some 1 i  l). Theorem 3.2 is
thus proved. 
We end this section by recalling some result on the level set of the Robin function R.
Theorem 3.3. Let us assume that Ω is a bounded convex domain of RN , N  2. Then the Robin
function R is strictly convex.
Proof. See [6], Theorem 3.1 if N = 2 and [7], Corollary 3.2 for the case N  3. 
4. Proof of Theorems 2.1–2.7
We start this section with the proof of Theorem 2.1.
Proof of Theorem 2.1. Let {un} = {uλn} be a sequence of solutions of (2.1) with ‖un‖L∞(Ω) →
+∞ as λn → 0, where Ω is a convex domain in R2.
First, we claim that λn
∫
Ω
eun dx = O(1) as λn → 0. Indeed, without loss of generality, we
may assume that 0 ∈ Ω . By Pohozaev identity, we see
2λn
∫
Ω
(
eun − 1)dx = 1
2
∫
∂Ω
(x · ν)
(
∂un
∂ν
)2
dsx. (4.1)
Also by (2.1), we have
−
∫
∂Ω
∂un
∂ν
dsx = λn
∫
Ω
eun dx,
which implies
(
λn
∫
Ω
eun dx
)2

( ∫
∂Ω
(x · ν)
(
∂un
∂ν
)2
dsx
)( ∫
∂Ω
1
(x · ν) dsx
)
.
Note that (x ·ν) > 0 and ∫
∂Ω
1
(x·ν) dsx  C < +∞ by the strict star-shapedness of Ω with respect
to the origin. Returning to (4.1), we get the claim.
Then, by a result of Nagasaki and Suzuki [20], we have λn
∫
Ω
eun dx → 8πl for some l ∈
{0} ∪ N. If l = 0, that is, λn
∫
Ω
eun dx → 0, then standard results say that un → 0 uniformly on
compact sets of Ω and in this case, un coincides with the minimal solution un for λn sufficiently
small. Since we assume ‖un‖L∞(Ω) → +∞, this is a contradiction. Therefore we have l ∈ N
and by Nagasaki–Suzuki’s theorem, we have a blow-up set S = {a1, . . . , al} ⊂ Ω for which (2.3)
holds.
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function R is strictly convex on bounded convex domains in R2. Thus, by using Theorem 3.2 for
A = 1,B = 1, Λi = 1 for any i and K ≡ 0, we confirm that the case l  2 cannot happen. This
proves Theorem 2.1. 
Remark 4.1. We remark that, instead of assuming ‖uλ‖L∞(Ω) → ∞, we have the same result of
Theorem 2.1 by assuming that iM(uλ) = 0, where iM(uλ) denotes the Morse index of uλ. This
follows by noting that the minimal solution uλ has Morse index iM(uλ) = 0.
Proof of Theorem 2.3. Let {uλn} be a sequence of solutions of (2.4). Then by the result of Ma
and Wei [18] (see also [3,17,20]), uλn blows up at l different points a1, . . . , al in Ω for some
l ∈ N along a subsequence (which we denote again by λn), λn → 8πl, and (a1, . . . , al) must
satisfy the characterization (2.5):
1
2
(
∇R(ai)− 14π ∇ logV (ai)
)
=
l∑
j=1,j =i
∇xG(ai, aj )
for i = 1,2, . . . , l. At this point, we use Theorem 3.2 for A = 1,B = 1,Λi = 1 (∀i), and K(x) =
− 14π logV (x) to obtain a contradiction if l  2.
The last part of theorem follows by the formula
Hess
(
R − 1
4π
logV
)
= HessR + 1
4π
[
(∇ logV )⊗ (∇ logV )− 1
V
HessV
]
and the strict convexity of R by [6]. 
Proof of Theorem 2.5. Let {un} = {uεn} ∈ H 10 (Ω) be a sequence of solutions to (2.8) with εn →
0. Since Ω is convex, the moving plane methods (see [12]) imply that there is no to boundary
blow up. Then using a result by Y.Y. Li (see [16], Theorem 0.2), it is possible to show that all
blow-up points are isolated and it implies the uniform bound
∫
Ω
|∇un|2  C, for some positive
constant C. Then, up to a subsequence, denoted again by εn, we have the decomposition
un = u0 +
l∑
i=1
αni PUλni ,a
n
i
+ vn,
where u0 is a solution of the limit problem
−u = uN+2N−2 , u 0 in Ω, u = 0 on ∂Ω, (4.2)
vn ∈ H 10 (Ω) with ‖vn‖H 10 (Ω) = o(1), and l ∈ N∪ {0}. Moreover, λ
n
i > 0, a
n
i ∈ Ω , ani → ai ∈ Ω ,
αni → (N(N − 2))
N−2
4 , and PUλ,a denotes the projection onto H 10 (Ω) of the function
Uλ,a(x) = λN−22
(
1 + λ2|x − a|2)−N−22 , x ∈RN.
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|∇uε|2 dx ⇀ SN/2
l∑
i=1
δai , u
2N
N−2
ε ⇀ S
N/2
l∑
i=1
δai
for {a1, . . . , al} ⊂ Ω .
Bahri, Li and Rey [1] characterized these l blow-up points: Indeed, they showed that each ai
must be an interior point of Ω , and it satisfies
1
2
∇R(ai)Λ2i −
l∑
j=1,j =i
∇xG(ai, aj )ΛiΛj = 
0 (i = 1,2, . . . , l), (4.3)
here Λ = (Λ1, . . . ,Λl) is some positive vector (i.e. each Λi > 0); see p. 80, l.5 and p. 81, l.2
with l.6 in the proof of Theorem 1 in [1].
Now, what we have to do is only to use Theorem 3.2 for A = 1, B = 1, Λi = 1 for any i, and
K ≡ 0 to obtain a contradiction if l  2. Indeed in this case, by Theorem 3.3 we have that the
Robin function R is strictly convex on bounded convex domains in RN,N  3 (Cardaliaguet and
Tahraoui [7]). 
Also, Theorems 2.4 and 2.7 are direct consequences of Theorem 3.2: We just use the charac-
terization of l-blow up, or l concentration points (see (2.3), (2.9)), and the strict convexity of the
Robin function R on bounded convex domains.
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